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Introduction
In the last twenty years or so, financial economists have devoted a lot of energy to solving two unyielding puzzles, the equity premium puzzle and the risk-free rate puzzle. The specification of preferences in the basic consumption CAPM model introduced by Lucas (1978) and Breeden (1979) has been modified to accommodate a large equity premium and a rather low risk-free rate. The recursive utility model of Zin (1989, 1991) is one such extension that allows to disentangle attitudes towards risk and preferences for intertemporal substitution of consumption. Recently, this model has been geared towards reproducing new facts about the connections between stock market volatility and returns, the pricing of long-run claims, or return predictability (see in particular Bansal The key ingredient in explaining these new facts is the specification of the endowment process. New joint dynamic models have been proposed for consumption and dividend growth, while in early models the equality of consumption and dividend was often assumed.
Often, these new full-fledged models necessitate a numerical resolution or log-linear approximations to find the equilibrium price-consumption and price-dividend ratios. Moreover, to assess the model, several statistics such as the first and second moments of asset returns or coefficients in predictability regressions are computed through simulations. Whenever preference parameters are changed, a new numerical solution has to be found and simulations run again to compute the statistics of interest. Given this time-consuming process, only few parameter configurations are explored.
Our first and main contribution is to propose an approach that solves analytically this model. We begin by providing formulas for the price-consumption, the price-dividend and the risk-free bond in the recursive utility models of Epstein and Zin (1989) and Hansen, Heaton and Li (2004) . A key assumption to obtain these analytical solutions is that the logarithms of real per capita consumption and dividend growth follow a bivariate process where both the means, variances and covariances change according to a Markov variable s t which takes the values 1 to N , the postulated number of states in the economy, where s t is a stationary and homogenous Markov chain.
Markov switching models have been used previously in the asset pricing literature to capture the dynamics of the endowment process but few papers have derived analytical pricing expressions. This paper extends considerably the closed-form pricing formulas provided in Bonomo and Garcia (1994) and Cecchetti, Lam and Mark (1990) for the Lucas (1978) CCAPM model. For recursive preferences, solutions to the Euler equations have been found either numerically or after a log linear transformation.
A second important contribution is the possibility to compute analytically many of the statistics that researchers have attempted to reproduce with the postulated asset pricing model: the first and second moments of the equity premium and of the risk-free rate, the mean of and the volatility of the price-dividend ratio, the predictability of returns and excess returns by the dividend-price ratio, the predictability of consumption volatility by the dividend-price ratio and the consumption-wealth ratio, as well as the negative autocorrelation of returns and excess returns at long horizons. We provide formulas for all these statistics. It should be noted that the statistics will differ between models only insofar as the asset prices given by the models are different; otherwise the expressions are identical.
A third useful contribution is to use the exact pricing formulas to assess the impact of approximations that researchers usually apply to solve asset pricing models. One pervasive approximation is the log-linearization of Campbell and Shiller (1988) . More recently, Hansen, Heaton and Li (2004) proposed a Taylor expansion-based approximation around a set value of the elasticity of substitution parameter in a recursive utility model. Using our exact pricing formulas, we are able to say in which regions of the parameter space some approximations behave better than others.
Finally, to illustrate the usefulness of our analytical framework, we apply it to two prominent recent models by Lettau, Ludvigson and Wachter (2004) and Bansal and Yaron (2004) . Both promote the role of macroeconomic uncertainty measured by the volatility of consumption as a determining factor in the pricing of assets. The first paper models consumption growth as a Markov switching process and uses Epstein and Zin (1989) preferences, and so fits directly in our framework. The second paper uses the same preferences but models the consumption-dividend endowment as an autoregressive process with timevarying volatility. We set the latter model in our Markov-switching framework and are able to compare the two models in terms of asset pricing and predictability implications. Our analytical formulas allow us to explore a much wider set of preference parameters than in the original papers and thus to better understand their role in determining the financial quantities of interest.
The importance of deriving closed-form formulas should not be underestimated. Lettau, Ludvigson and Wachter (2004) , who use precisely a Markov-switching model for their endowment, remark that their two-state model takes very long to solve and that a three-state model would be computationally infeasible. They use a learning model that they must solve at each time period given their new assessment of the transition probabilities of the Markov process. Our formulas can be adapted to this approach and will ease considerably the process. Another considerable saving of processing time comes potentially from the simulations researchers run to compute predictability regressions. The usual procedure is to try to replicate the actual statistics with the same number of observations as in the sample as well with a much larger number of observations to see if the model can produce predictability in population. The last exercise, the most costly in computing time, is avoided by using the formulas we provide. The same is true for the variance ratios.
Recently, some papers have also proposed to develop analytical formulas for asset pricing models. Abel (2005) calculates exact expressions for risk premia, term premia, and the premium on levered equity in a framework that includes habit formation and consumption externalities (keeping up or catching up with the Joneses). The formulas are derived under lognormality and an i.i.d. assumption for the growth rates of consumption and dividends.
We also assume lognormality but after conditioning on a number of states and our state variable capture the dynamics of the growth rates. Eraker (2006) produces analytic pricing formulas for stocks and bonds in an equilibrium consumption CAPM with Epstein-Zin preferences, under the assumption that consumption and dividend growth rates follow affine processes. However, he uses the Campbell and Shiller (1988) approximation to maintain a tractable analytical form of the pricing kernel. Quite recently, Gabaix (2007) proposed a class of linearity-generating processes that ensures closed-form solutions for the prices of stocks and bonds. This solution strategy is based on reverse-engineering of the processes for the stochastic discount factors and the asset payoffs.
The rest of the paper is organized as follows. Section 2 describes the Markov-switching model for consumption and dividend growth. In Section 3, we solve for the price-consumption, the price-dividend ratios and the risk-free bond in asset pricing models. Section 4 enumerates several empirical facts used to gauge the validity of asset pricing models and provides analytical formulas for the statistics reproducing these stylized facts. Section 5 provides applications to several asset pricing models for the US post-war economy. Section 6 concludes.
A technical appendix collects the set of formulas used in the empirical part.
A Markov-Switching Model for Consumption and Dividends
We follow the approach pioneered by Mehra and Prescott (1985) by specifying a stochastic process for the endowment process and solving the model for the prices of the market portfolio, an equity and the risk-free asset in the economy. The goal in this branch of the empirical asset pricing literature is to determine if equilibrium models with reasonable preferences are able to reproduce some stylized facts associated with returns, consumption and dividends.
Contrary to the original model in Lucas (1978)), we make a distinction between consumption and dividends. Consumption is the payoff on the market portfolio while dividends accrue to equity owners. This distinction is nowadays almost always made (see Bansal and Yaron, 2004, Hansen, Heaton and Li (2004) and Lettau, Ludvigson and Wachter (2005) among others), but was introduced originally by Tauchen (1986) and pursued further by Cecchetti, Lam and Mark (1993) and Garcia (1994, 1996) .
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The main reason for disentangling the consumption and dividend processes is first and foremost an empirical one: the series are very different in terms of mean, variance, and other moments. We postulate that the logarithms of consumption and dividends growth follow a bivariate process where both the means, variances and covariances change according to a vector Markov variable ζ t which takes N values (when N states of nature are assumed for the economy):
The sequence of vector Markov variables evolves according to a transition probability matrix P defined as:
where e i is a column vector with zeroes everywhere except in the i t h position, which has the value one. We assume that the Markov chain is stationary with an ergodic distribution
For the second moments we have:
Therefore, the logarithms of consumption and dividends growth can be written as follows:
where
Bonomo and Garcia (1994, 1996) use the specification (2.3,2.4) with constant correlations for the joint consumption-dividends process to investigate if an equilibrium asset pricing model with different types of preferences can reproduce various features of the real and excess return series.
2
The heteroscedasticity of the endowment process measures economic uncertainty as put forward by Bansal and Yaron (2004) .
Solving The Recursive Utility Model of Asset Pricing
In this widely used asset pricing model introduced by Epstein and Zin (1989) , a representative agent derives his utility by combining current consumption with a certainty equivalent of future utility through an aggregator. Depending on how this certainty equivalent is specified, the recursive utility concept can accommodate several classes of preferences. A class that is used extensively used in empirical work is the so-called Kreps-Porteus, where the certainty equivalent conforms with expected utility for ranking timeless gambles, but with a different parameter than the aggregator's parameter. This is what it is usually called the Epstein and Zin (1989) model. We will keep below with this tradition.
3
The main goal of this section is to characterize the price-consumption ratio P M,t /C t (the price of the unobservable market portfolio that pays off consumption), the price-dividend ratio P t /D t (the price of an asset that pays the aggregate dividend), and finally the price P f,t /1 of a risk-free bond that pays for sure one unit of consumption.
The Recursive Utility Model
The representative agent has recursive utility defined over consumption flow C t as follows:
where V t is the current continuation value of investor utility,
is the certainty equivalent of the next period continuation value of investor utility, γ is the coefficient of relative risk aversion, ψ is the elasticity of intertemporal substitution, δ is the subjective discount factor and θ = (1 − γ) / (1 − 1/ψ).
When ψ = 1, the stochastic discount factor is given by:
where the market price-consumption ratio is given by:
If θ = 1, one remarks that (3.3) corresponds to the stochastic discount factor of an investor with time-separable utility and constant relative risk aversion.
When ψ = 1, the benchmark case considered by Hansen, Heaton and Li (2004), the stochastic discount factor is given by:
where the utility-consumption ratio is given by:
whereas the market price-consumption ratio is constant and equal to δ/ (1 − δ).
One important property that we will use in deriving our analytical formulas is the Markov property of the model. We will show that the variables P t /D t , P M,t /C t , P f,t /1 and V 1 t /C t are (non-linear) functions of the state variable ζ t . On the other hand, the state ζ t takes a finite number of values. Consequently, any real non-linear function g(·) of ζ t is a linear function of ζ t .
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This property will allow us to characterize analytically the pricepayoff ratios while other data generating processes need either linear approximations or numerical methods to solve the model. The structure of the endowment process implies that there will be one such payoff-price ratio per regime and this will help in computing closed-form analytical formulas.
For these price-payoff ratios, we adopt the following notation:
Observe also that one can write
Likewise,
Solving the Epstein-Zin model amounts to characterize the vectors λ 1 , λ 1c , λ 2f and z as functions of the parameters of the consumption and dividend growth dynamics and of the recursive utility function defined above.
The Price-Consumption Ratio
We start our analysis by characterizing the vectors λ 1c and z defined in (3.8) and (3.10) that characterizes the price-consumption ratio. 
Instead, if the EIS is equal to one, the components of the vector z are given by:
(3.15)
These equations are solved for the λ 1c and the z vectors.
5
We mentioned in the introduction that one advantage of developing closed-form formulas is to be able to assess the errors associated with approximations currently used to compute the price-consumption ratio. We consider the two main approximations that have been used to solve asset pricing models. The first approximation is the log-linearization of Campbell and Shiller (1988) for the market return, which leads to: 16) where v 1c denotes the logarithm of the price-consumption ratio. The second one has been recently considered by Hansen, Heaton and Li (2005). They log-linearize the stochastic discount factor around the unitary elasticity of intertemporal substitution. This approximation has the advantage, compared to the latter one, not to log-linearize the market return around the endogenous price-consumption ratio (which is present in the parameter k 1 in (3.16)). The formulas for these two approximations and a discussion of the choice of the parameters is included in Appendix A. The validity of these approximations will be studied in the empirical section.
The Price-Dividend Ratio
Given the price-consumption ratio derived in the previous section, one gets the following expressions for the equity price-dividend ratio. 
and λ 1c,i , i = 1, .., N are given by (3.14) . The vectors µ cd and ω cd are defined by: 
where z i , i = 1, .., N are given by (3.15) and
We also detail the two approximations of Campbell and Shiller (1988) and Hansen, Heaton and Li (2005) for the price dividend ratio in Appendix A and compare them to this exact expression in the empirical section.
The Risk-Free Bond
The following proposition characterizes the components of the vector λ 2f in (3.13). 20) where λ 1c,i , i = 1, .., N are given by (3.14) . Instead, if the EIS is equal to one, the components of the vector λ 2f are given by:
Approximations for the risk-free bond are given in Appendix A.
Analytical Formulas for Statistics Reproducing Stylized Facts
In his survey on consumption-based asset pricing Campbell (2002) The correlation increases at 0.31 at a 1-year horizon and declines at longer horizons.
9. Quarterly real dividend growth and real stock returns have a very weak correlation of 0.11, but correlation increases dramatically at lower frequencies.
10. Real US consumption growth not well forecast by its own history or by the stock market. The first-order autocorrelation of the quarterly growth rate of real nondurables and services consumption is 0.22. The log price-dividend ratio forecasts less than 4.5% of the variation of real consumption growth at horizons of 1 to 4 years.
11. Real US dividend growth has some short-run forecastability arising from the seasonality of dividend payments (autocorrelation of -0.44). But it is not well forecast by the stock market. The log price-dividend ratio forecasts no more than 1.5% of the variation of real dividend growth at horizons of 1 to 4 years.
12. The real interest rate has some positive serial correlation; its first-order autocorrelation is 0.63. However the real interest rate is not well forecast by the stock market.
13. Excess returns of US stock over Treasury bills are highly forecastable. The log pricedividend ratio forecasts 10% of the variance of the excess return at a 1-year horizon, 19% at a 3-year horizon and 26% at a 5-year horizon. Real returns exhibit a lower predictability, also increasing with the horizon (9% at a 1-year horizon, 15% at a 3-year horizon and 22% at a 5-year horizon).
To reproduce these stylized facts one needs three main types of formulas: formulas for expected returns and unconditional moments of returns, formulas for predictability of returns and consumption and dividend growth by the dividend-price ratio, and formulas for variance ratios of returns.
Formulas for Expected Returns
In order to study the predictability of the returns and excess returns, we need to connect them to the state variable ζ t and to the dividend growth. We define the return process, R t+1 , and aggregate returns over h periods, R t+1:t+h , as:
with
We also denote excess returns by R e t+1 and aggregate excess returns by R e t+1:t+h i.e.,
We have
where ψ = (ψ 1 , ..., ψ N ) and
Finally,
Variance Ratios of Aggregate Returns
The formula for the variance ratio measures the autocorrelation in returns or excess returns.
Cecchetti, Lam and Mark (1990) were the first to reproduce the autocorrelation in returns with a Lucas-type model where the growth rate of the endowment process (represented either by consumption, income or dividends) followed a two-state Markov-switching model in the mean. Bonomo and Garcia (1994) showed that a two-state model with one mean and two variances is closer to the data but cannot reproduce the autocorrelation in returns.
We compute
and
One also gets a similar formula for the excess returns. The variance of aggregate excess returns is provided in appendix.
Predictability of Returns: An Analytical Evaluation
Stylized facts show a strong predictability of (excess) returns by the dividend-price ratio, which increases with the horizon. It is important to establish if this predictability measured inevitably in finite samples is reproduced in population by the postulated model. Therefore, we provide below the formulas for the population coefficients of determination of the regressions of aggregated returns over a number of periods on the price-dividend ratio.
It is common in the asset pricing literature to predict future (excess) returns by the dividend-price ratio. In doing so, one computes the regression of the aggregate returns onto the dividend-price ration and a constant. In the following, we will use the analytical formulas derived above in order to study these predictive ability in population.
When one does the linear regression of a variable, say y t+1:t+h , onto by another one, say
x t , and a constant, one gets
while the corresponding population coefficient of determination denoted R 2 (y, x, h) is given by:
In order to use these formulas to characterize the predictive ability of dividend-price and consumption-price ratios for returns, one needs the variance of payoff-price ratios, covariances of payoff-price ratios with aggregate returns and variance of aggregate returns.
One has:
and the variance of aggregate returns is guven by (4.10). Similar formulas for excess returns, consumption volatility, consumption growth and dividend growth are provided in the appendix.
Applications to Models of the Post-War US Economy
First, we analyze two models that advocate the determining role of economic uncertainty (volatility of consumption) in the formation of asset prices. compute population values for these statistics and to do it for a larger parameter set than the limited ones typically reported in the papers. This will hopefully make it easier to understand the economic intuition behind results and assess robustness to changes in the values of preference and endowment parameters. In some cases we will explore stylized facts that have not been considered in the original papers.
The Lettau, Ludvigson and Wachter (2005) Model
The endowment process in this paper is a constrained version of the general process (2.3), (2.4). They assume a consumption process (2.3) where the mean and the variance are governed by two different Markov chains. For the dividend process they simply assume
. Therefore the mean and the standard deviation of dividend growth is simply λ times the mean and the standard deviation of consumption growth, and the correlation parameter is one. We report in Panel A of table 2 the corresponding values of the resulting four-state Markov chain based on the estimates reported in their paper.
In their model, they assume that investors do not know the state they are in but they know the parameters of the process. Therefore at each period they update their estimate of the probability of being in a state given their current information. In other words they compute filtered probabilities. Based on the latter, they compute numerically the priceconsumption and price-dividend ratios that are solutions of the Euler conditions of the equilibrium model. We have seen that given the parameters of the endowment process we could calculate the price-consumption ratio by solving a nonlinear equation and the price-dividend ratio analytically in the Epstein-Zin model. Following this procedure at each point in time by using the filtered probabilities for the Markov chain along the way, we can reproduce easily the full trajectory of the price-dividend ratio. We intend to carry out this exercise in future versions of this paper. Instead we will assume that investors know the state and compute the various statistics corresponding to the stylized facts we presented earlier.
Since Lettau, Ludvigson and Wachter (2005) focused on the trajectory of the pricedividend ratio and its relationship with consumption volatility, they did not report the values for these statistics and the sensitivity of the various quantities to the values of preference parameters. We include a large set of preference parameters to see how the various economic and financial quantities change as a function of preference parameters.
Asset Pricing Implications in the LLW Model
We report in At around a maximum of 11 percent, the volatility of the equity premium is low compared to the data, but the volatility of the risk-free rate matches well the actual value. A comparison with the previous two-state model is instructive.
While a higher risk aversion is needed to increase the equity premium it matches better the level of the risk-free rate and the volatility of the equity premium and produces less convergence problems at similar levels of risk aversion. The key parameters to understand these differences are the mean and volatility of dividend growth. Limited at 13.5 percent in the high-volatility state (a direct result of setting λ to 4.5), the volatility is much lower than the 20 percent estimated with the dividend data. Moreover it falls at around 7 percent in the low volatility state. In the two-state model it remained at 16 percent. For the mean, it is the same multiple of the mean of consumption growth in low and high states. This does not seem to be coherent with the data, especially in the high mean state. This state is the most frequently visited with an overall probability of 86 percent. We will come back to these remarks later when we analyze the Bansal and Yaron (2004) model. It will be also a four-state model but the parameters of the dividend process will be based on the data. Table 4 reports the results of predictability regressions where the predictor is the dividend price ratio and the predicted variables are, in turn, future equity returns and excess returns cumulated over one, three and five years, as well as consumption volatility, and consumption and dividend growth rates cumulated over the same horizons.
Predictability by the Dividend Price Ratio in the LLW Model
We report the R 2 values of the regression of future returns on the current dividend-price ratio in Table 4 . Before we compare the results with the data, it is important to emphasize that the statistics we compute in a quarterly model is the predictability of future returns at several horizons (in the table we report 1, 3 and 5 years) based on the current quarterly price-dividend ratio, that is computed with the dividend of the current quarter. In the regressions we carried out in the data and reported in table 1, the independent variable was a price-dividend ratio with dividends cumulated over a year. This adds persistence to the regressor and increases the R 2 of the regression. However this difference will not affect our ability to detect the ability of a model to generate predictability. To say it in a few words, the models do not seem to produce predictability at any horizon for any parameter configuration.
It is not the case with excess returns. We also report the R 2 values of the regression of future excess returns on the current dividend-price ratio in table 4. Even if is not very high, there is a non-negligible predictability, which increases with risk aversion. The fact that dividends are perfectly correlated with consumption plays certainly a role in the higher predictability for excess returns than for returns.
The other important predictability concerns the volatility of consumption, which plays a key role in explaining asset prices in both Lettau, Ludvigson and Wachter (2005) and Bansal and Yaron (2004). We also report the R 2 values of the regression of future consumption volatilities on the current dividend-price ratio in table 4. As expected in this model, consumption volatility is highly predictable since the dividend-price ratio depends only on the consumption states. This is totally unrealistic. The high predictability of consumption growth rates is also a feature of the model that is at odds with the observed patterns.
Variance Ratios in the LLW Model
The last point we analyzed is the capacity of the models to produce the negative autocorrelation at long horizons. The variance ratios of returns and excess returns on the stock are reported in table 5. When ψ is greater than one, the models are able to produce variance ratios less than one, declining with the horizon, for both returns and excess returns. For excess returns there is negative autocorrelation even for values of ψ less than one, but it is more pronounced above one. These figures are consistent with the predictability detected in the data reported in Table 1 .
The Bansal and Yaron (2004) Model
In Appendix C, we explain how we calibrate the model for the dynamics of consumption and dividends with the Markov switching framework we detailed previously. The parameters of the corresponding Markov-switching model are reported in Table ( 2).
Asset pricing Implications in the BW Model
In this section, we reproduce unconditional moments of the equity premium and the riskfree rate that were considered in Bansal and Yaron (2004 Table 2 . We include a larger spectrum of preference parameters than in Bansal and Yaron (2004) to better understand the variation of economic and financial quantities as a function of preference parameters. To gauge the usefulness of analytical formulas it is essential to remember that in the case of the Bansal and Yaron's model, finding these quantities means either solving the model numerically for each configuration of the preference parameters or computing these quantities by simulation. Numerical solutions take time to achieve a reasonable degree of precision. For simulations, long trajectories are needed to obtain population parameters. Determining which length is appropriate is not a trivial issue, especially when coupled with time considerations.
The upper part of values greater than 1 for the ψ parameter that the equity premium puzzle is solved. The expected value of the equity return is about equal (around 9%) at γ = 10 for all values of ψ. However, the risk-free rate drops five points of percentage when ψ goes from 0.5 to 1.5.
At a low risk aversion, the magnitude of the drop is less pronounced. In fact, at γ = 10 the expected value of the price-consumption ratio decreases in a significant way. A second observation concerns the price-dividend ratio. At low values of the risk aversion parameter γ the expectation of the price-dividend ratio increases significantly with the elasticity of intertemporal substitution ψ, while the volatility of the price-dividend does not change much. At low values of the risk aversion parameter γ it is exactly the opposite. of regressions of the cumulative excess returns from t to t + h on the dividend-price ratio at t. They found that their model with a risk aversion parameter of 10 and an elasticity of intertemporal substitution of 1.5 was able to reproduce some of the predictability observed in the data. The simulation was run with 840 observations as in their data sampling period.
We have derived analytically the R 2 of the same regression in population. In Panel A
of Table (7) we report the corresponding results with the same configurations of preference parameters that we selected before for asset pricing implications. The first striking result is the total lack of predictability of excess returns by the dividend-price ratio. This is in contrast with the predictability found in Bansal and Yaron . We simulate the Markov-switching model over 6 An important message of Bansal and Yaron (2004) concerns the role played by time-varying volatility in consumption, a proxy for economic uncertainty. To gauge the sensitivity of the results to time-varying volatility we recomputed the same moments by keeping the volatility constant in the Markov-switching model. The corresponding asset return moments are almost identical to the results we obtained with time-varying volatility. This result is different from the result reported in Bansal and Yaron (2004) and suggests that the action is more in the time-varying mean than in the variance. This point deserves further investigation.
7 A word of caution is in order. The regression that we run has as a dependent variable the cumulative monthly returns over yearly periods (1, 3 and 5) and the monthly dividend-price ratio as an independent variable. In Bansal and Yaron (2004) it is a yearly dividend (cumulated monthly dividends over twelve months). Cumulating the dividends will certainly increase the R 2 but would not change the evidence over periods of 840 observations, the sample length in Bansal and Yaron (2004) , and compute the R 2 of the same regression.
The results are reported in Panels B and C of but disappears in population regressions.
10
. Some predictability of excess returns appears if risk aversion increases for values of ψ greater than one. It is interesting to note that for higher risk aversion the BY model behaves more like the LLW model. The volatility of the stock decreases as well as the level of the price-dividend ratio.
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In Panel A of Table (7), we also report the analytical R 2 of the regression of returns on equity on the dividend-price ratio for the matching MS model. In Panels B and C, the same results are shown based on simulations. There appears to be some predictability for values of the elasticity of intertemporal substitution (ψ parameter) below one, but it disappears for values above one. This is true for all values of the risk aversion parameter γ, the only difference being that predictability increases with γ for all values of ψ. Interestingly, this result about the pivotal value of one for ψ is the opposite of what was found in the previous section for asset pricing implications. The asset return moments were better reproduced for values of ψ greater than one.
For space considerations, we do not report similar predictability regression results for the consumption price ratio as a predictor variable. The recursive utility model provides the closest theoretical measure to the consumption-wealth ratio of Lettau and Ludvigson the actual presence of predictability. Indeed, we have verified that this different regressor is not the source of the lack of predictability 8 We confirmed this result by simulating over longer sampling periods of 2,000 months. We found that results became similar to the findings with our analytical population formulas 9 cite literature on problems in predictability regressions. 10 Abel (2005) also finds little or no predictability of excess returns by the dividend-price ratio in a model of preferences with a benchmark level of consumption (habit formation or consumption externalities such as keeping up or catching up with the Joneses) and i.i.d. growth rates of consumption and dividends. However Abel (2005) finds that the return on stock is predictable by the dividend-price ratio 11 For space considerations, these results are not reported but are available upon request from the authors.
(2001a,b). These authors have put forward that a measure of consumption over wealth has a greater predicting power than the dividend-price ratio. Indeed, we find higher predictability for all preference parameter pairs. In particular, for γ = 10 and ψ = 0.5 the R 2 for the consumption-price ratio is equal to 9.39, 14.19 and 13.53 for 1, 3 and 5 years, as opposed to 7.53, 11.24 and 10.64 for the dividend-price ratio. The remarks made above about the finite sample results for the dividend-price ratio apply equally to the consumption-price ratio. In particular, there is no predictability of excess returns by the price-consumption ratio.
Another important message found in Bansal and Yaron (2004) is the predictability of consumption volatility by the dividend-price ratio. In Table 7 , we report the R 2 of the regression of cumulative future consumption volatility over several horizons on the current price-dividend ratio. Results are similar to those obtained for future returns predictability. Not all preference configurations are able to produce predictable volatility. Again only low values of the elasticity of intertemporal substitution are able to generate predictability (ψ = 0.5). There is no predictability at all for values of ψ above one. Predictability is the strongest at a one-year horizon.
Finally, we look at the predictability of the consumption and dividend growth rates at the same 1, 3 and 5-year horizons. Again the evidence of predictability is strong for both consumption and dividends, much stronger than in the data. For consumption growth, predictability is around 5% at an horizon of 5 years in the data while it is predicted at some 30% in the model. Moreover, the predictability extends to dividend growth in the model (some 20% at an horizon of 5 years), since it is moved by the same state variable than consumption, yet it is non existent in the data.
In conclusion, this long-run risk model entails too much predictability of the economic fundamentals compared to the observed characteristics in the data. Additionally, predictability is often driven by a value of the elasticity of intertemporal substitution lower than one, contrary to a required value greater than one in the Bansal and Yaron (2004) setting.
Variance Ratios
There is negative autocorrelation at long horizons in returns. Evidence is provided by the variance ratios computed at several horizons in Table 1 . The variance ratios are less than one after a horizon of one year and decrease up to year 4, to finally slightly increase in year 5.
The corresponding analytical quantities are reported in Table 8 Table 8 ). However, predictability would have appeared stronger for the above-mentioned particular set of parameters and other candidate sets.
The evidence for excess returns is more in line with the empirical findings, with a negative autocorrelation, declining with the horizon. Again, it is the combination γ = 5 and ψ = 1.5 that produces the results closest to the data.
Analysis of the Validity of the Loglinear Approximations
Our analytical framework is also useful to address the important issue of approximations. Therefore, it involves a double approximation. The fact that the approximations of the price-payoff ratios are made around their means raised the issue of using an endogenous quantity in the process of solving the model. In most of the previous studies this issue is not addressed and preset values are used for the k coefficients in the log-linear equations. Yet, the coefficients k in these equations are functions of the mean price-payoff ratios and therefore depend on both the preference parameters and the parameters of the fundamentals.
In Table 9 we report the exact values of the k parameters -k 0 and k 1 for the market return approximation and k m0 and k m1 for the equity return approximation, for the values of the Bansal-Yaron Markov-switching model and several values of the preference parameters.
We can see for example that for a given γ of 5, k 1 is an increasing function of ψ, while k 0 is a decreasing function of the same ψ.
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. In many of the previous papers the k 1 parameter has been set exogenously to 0.997.
We will see how this exogenous choice may affect the values obtained for the various unconditional moments of the returns and price-payoff ratios. We assess the difference between setting the k exogenously (in Table 10 ) and setting them at the values implied by the preference parameters (in Table 11 ). With arbitrary values, the very large values for the expected price-dividend ratio observed in Table 6 for a discount parameter equal to 0.999 (for the lower values of the risk aversion parameter) disappear and one may think that the model is acceptable for all configurations of the preference parameters. Similarly, for a value of 0.998, when the model does not converge (for the lowest value of the elasticity of intertemporal substitution), the average price-dividend ratio is finite and not too unreasonable. However, for the expected returns, the figures are more in line with the population moments in Table 6 .
When we compute the statistics with the k values corresponding to the preference parameters (reported in Table 6 to the values in Table 12 we observe that the approximation is very precise for all configurations of parameters, even for a value of ψ of 0.2, which is far from 1. Given that this approximation does not require to solve first for the average price-dividend ratio, it appears to be the approximation of choice.
Conclusion
Equilibrium asset pricing models have become harder to solve. To reproduce resilient stylized facts, researchers have assumed that the representative investor is endowed with more sophisticated preferences. The fundamentals in the economy, consumption and dividends, have also been modeled with richer dynamics. Often the time required to solve the model numerically or to simulate it to compute the statistics of interest is prohibitive. Therefore, researchers lean towards simpler models, making simplifying assumptions as a compromise between reality and feasibility. In this paper, we have provided analytical formulas that should be of great help to assess the ability of these models to reproduce a set of stylized facts. We have chosen a flexible model for the endowment that can be applied directly to the data, as already done by several researchers, or used to match other processes that are contemplated. In terms of preferences, we have chosen the recursive framework of Epstein and Zin (1989) , widely used in the asset pricing literature. We have limited our analysis to the Kreps and Porteus (1978) certainty equivalent. In future research we intend to try to find analytical formulas for other certainty equivalents in the recursive framework and other types of preferences.
A Solving the Recursive Utility Model by Approximations

A.1 The Price-Consumption Ratio
The vector v 1c in the log-linearization (3.16) is given by:
Notice that although the coefficient k 1 is exogenously set at a given value in many previous studies, it is an endogenous coefficient which depends on the model parameters for the economic fundamentals and preferences. The value of coefficients k 1 and k 0 are given by the formulas:
where l λ c = (ln λ 1c,1 , .., ln λ 1c,N ) and λ 1c,i , i = 1, .., N are given by (3.14).
Instead of the log-linearization of the market return around the endogenous priceconsumption ratio, Hansen, Heaton and Li (2005) log-linearize the stochastic discount factor around the unitary elasticity of intertemporal substitution.
We consider the following notations:
where v t is the logarithm of the utility-consumption ratio and Dv 
from which it follows that the components h i , i = 1, .., N of the vector h characterizing this derivative in our model are given by the equation:
where z i , i = 1, .., N are given by (3.15), l z = (ln z 1 , .., ln z N ) and:
They also establish that the derivative Dm 1 t,t+1 is given by the equation:
from which it follows that the elements f ij , 1 ≤ i, j ≤ N of the matrix F characterizing this derivative are given by: 
Let P ψ denotes the matrix defined by P ψ = [p ψ,ij ] 1≤i,j≤N such that:
Given the Hansen, Heaton and Li (2005)'s approximation (A.9), the components of the vector λ 1c characterizing the market price-consumption ratio are given by:
where the z i are given by (3.15) and
A.2 The Price-Dividend Ratio
One can also use the log-linearization method to get the price-dividend ratio. The loglinearization of the equity return is given by:
The endogenous coefficients k m1 and k m0 are given by:
where l λ = (ln λ 11 , .., ln λ 1N ) and the λ 1i are given by (3.17) .
In a double log-linearization for both the market and equity returns, we get:
where the v 1c,i are given by (A.1).
Alternatively, the approximation (A.9) due to Hansen, Heaton and Li (2005) leads to:
where the z i are given by (3.15) and A ψ is defined in (A.12).
A.3 The Risk-Free Rate
The risk-free rate with the Campbell and Shiller's log-linearization of the market return is given by:
Alternatively, the risk-free rate with the Hansen, Heaton and Li's Taylor expansion is given by:
where the z i are given by (3.15) and the p ψ,ij are defined in (A.10).
B Additional Formulas for Statistics Reproducing Stylized facts
The variance of aggregate excess returns is given by:
The covariances of aggregate excess returns with payoff-price ratios are given by:
Cov R e t+1:t+h ,
The consumption volatility σ The expected values are given by:
The variances are given by:
In addition, covariances with price-payoffs ratio are given by:
C Reproducing the Bansal and Yaron (2004) Model with a Markov-Switching Model
The model of Bansal and Yaron (2004) for the endowment is:
Our goal here is to characterize a Markov Switching (MS) model described as in Section 2 that has the same features as the endowment model chosen by Bansal and Yaron (2004) . The main characteristics of the later endowments are: 1) The expected means of the consumption and dividend growth rates are a linear function of the same autoregressive process of order one denoted x t . 2) The conditional variances of the consumption and dividend growth rates are a linear function of the same autoregressive process of order one denoted h t . 3) The variables x t+1 and h t+1 are independent conditionally to their past. 4) The innovations of the consumption and dividend growth rates are independent given the state variables.
In the MS case, the first characteristic of Bansal and Yaron (2004) model implies that one has to assume that the expected means of the consumption and dividend growth rates are a linear function of the same Markov chain with two states given that a two-state Markov chain is an AR(1) process. Likewise, the second one implies that the conditional variances of the consumption and dividend growth rates are a linear function of the same two-state Markov chain. The third characteristic implies that the two Markov chains should be independent. Consequently, we should assume that the Markov chain described in Section 2 has 4 states, two states for the conditional mean and two states for the conditional variance and that the transition matrix P is restricted such as conditional mean and variance are independent. Finally, the last characteristic implies that the vector ρ defined in (2.5) is equal to zero.
We would like to approximate an AR(1) process, say z t , like x t or h t by a two-state Markov chain. Without loss of generality, we assume that the Markov chain y t takes the values 0 (first state) and 1 (second state) while the transition matrix P y is given by 22 .
The stationary distribution is 22 , π y,2 = P (y = 1) = 1 − p y,11 2 − p y,11 − p y, 22 .
In addition, we assume that z t = a + by t . Without loss of generality, we assume that b > 0, that is, the second state corresponds to this high value of z t . Our goal is to characterize the vector θ = (p y,11 , p y,22 , a, b) that matches the characteristic of the process z t . The first characteristics that we want to match are the mean, the variance and the first order autocorrelation of the process z t denoted µ z , σ 2 z and ρ z respectively. Given that the dimension of θ is four, another restriction is needed. For instance, Mehra and Prescott (1985) assumed p y,11 = p y, 22 . In contrast, we will focus on matching the kurtosis of the process z t denoted κ z . We will show below that matching the mean, variance, kurtosis and first autocorrelation does not fully identify the parameters. However, knowing the sign of the skewness of z t (denotes sk z ) and the other four characteristics will fully identify the vector θ.
The moments of the AR(1) process z t are related to those of the two-state Markov chain y t as follows:
The previous proposition, combined with (A.34), characterizes the moments of a Markov chain in terms of the vector θ. As pointed out above, Mehra and Prescott (1985) assumed that p y,11 = p y, 22 , which implies sk z = 0 and κ z = 1. The empirical evidence reported in Cecchetti, Lam and Mark (1990) suggests that the kurtosis of the expected consumption growth is higher than one and that its skewness is negative. 14 We will now invert this characterization, that is, we will determine the vector θ in terms of the moments of z t :
The vector θ of parameters of the two-state Markov chain that matches the AR (1) process z t is given by:
, a = µ z − bπ y,2 (A. 37) and π y,1 and π y,2 are connected to p y,11 and p y,22 through (A.34). The mean µ x and the first autocorrelation ρ x of x t are given in (A.30). The variance, skewness and kurtosis of x t are given by
Observe that the skewness of the conditional mean of consumption growth equals zero in Bansal and Yaron (2004) as in Mehra and Prescott (1985) . In contrast, in order to generate a kurtosis higher than one, the Markov switching needs some skewness. Given that the skewness of consumption growth is empirically negative, we make this identification assumption, that is, we use (A.35) to identify the transition probabilities p x,11 and p x, 22 .
Likewise, the skewness of the conditional variance is zero in Bansal and Yaron (2004) , somewhat unrealistic given that the variance is a positive random variable. A popular variance model is the Heston (1993) model where the stationary distribution of the variance process is a Gamma distribution. Given that the skewness of a Gamma distribution is positive, we make the same assumption on h t and therefore, use (A.36) to identify the transition probabilities p h,11 and p h, 22 .
We do have now the two independent Markov chains that generate the expected mean and variance of consumption growth. Putting together these two processes leads to a fourstate Markov chain (low mean and low variance, low mean and high variance, high mean and low variance, high mean and high variance) whose transition probability matrix is given by 
(A.41) are respectively the annualized volatilities of equity return, risk-free rate, consumption-price ratio and dividend-price ratio. The quarterly subjective factor of discount is set to 0.9925. This table shows the R-squared of the regression y
where y is return, excess return, consumption volatility, consumption growth or dividend growth. The horizon h is quarterly in the regression and converted into annual in the table.
The quarterly subjective factor of discount is set to 0.9925. are respectively the annualized volatilities of market return, risk-free rate, consumption-price ratio and dividend-price ratio. Table 7 : Predictability by the Dividend-Price Ratio: BY.
This table shows the R-squared of the regression y Table 9 : Endogenous Coefficients of the CS Log-Linearization.
The entries are model implied coefficients of the Campbell and Shiller (1988)'s log-linearization. Price-consumption and price-dividend ratios are exact values under no approximation. The input parameters for the monthly model are given in Table 2 . and σ D P are respectively the annualized volatilities of market return, risk-free rate, consumption-price ratio and dividend-price ratio. Table 9 . The input parameters for the monthly model are given in Table 2 . The expressions E [R e ] and E [R f ] are respectively the annualized equity premium and mean risk-free rate. The expressions σ (R), σ (R f ), σ
and σ D P are respectively the annualized volatilities of market return, risk-free rate, consumption-price ratio and dividend-price ratio. and σ D P are respectively the annualized volatilities of market return, risk-free rate, consumption-price ratio and dividend-price ratio. 
